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Abstract The ferromagnetic resonance frequencies are obtained for a thin ferromagnetic film with surface 
anisotropy for the cases when the external magnetic field is applied perpendicularly or parallel to the film surface, 
and for various combinations of boundary conditions on the film surface. It is shown that in the presence of surface 
anisotropy the ferromagnetic resonance frequency essentially depends both on the film thickness and on the value of 
the surface anisotropy constant. The results obtained provide a basis for the correct interpretation of experimental 
data obtained by means of broadband ferromagnetic resonance in thin film structures. 
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I. Introduction 
Thin ferromagnetic films with surface magnetic anisotropy are currently of great technological 
interest [1-4]. In particular, the ultra-thin CoFeB/MgO bilayers [2-4] exhibit a perpendicular magnetic 
anisotropy. The latter provides a high thermal stability and is highly desirable for reducing the critical 
current for spin-torque switching [2]. Therefore, thin CoFeB ferromagnetic films are considered currently 
as promising electrode material in magnetic random access memory and spin-transfer torque memory 
devices. 
 From physical considerations, it is obvious that only the surface magnetic anisotropy [5-8] is 
capable of providing an out-of-plane magnetization in a thin ferromagnetic film made of a soft magnetic 
material. Actually, if a surface anisotropy constant is negative and sufficiently large in absolute value, the 
orientation of the unit magnetization vector perpendicular to the film plane is energetically favorable, in 
spite of a significant increase in the magnetostatic energy of the film. Experimentally, a rotation of the 
unit magnetization vector as a function of the film thickness was observed in a number of experiments 
with thin ferromagnetic films of iron, cobalt, and other ferromagnets [9-12]. 
The existence of surface magnetic anisotropy may be related to various physical origins, such as 
the specifics of the spin-orbit interaction on the ferromagnetic surface [13], the difference in atomic 
periods of various layers of a multilayer sample, or a film substrate [14], the presence of non-uniform 
mechanical stresses near the interface [15], etc. However, in terms of phenomenological description of 
magnetic phenomena [5], it is important that the energy density of surface anisotropy is concentrated in a 
very narrow region near the sample surface. Therefore, it is a surface contribution to the total energy 
which is proportional to the surface area of the film, and not to its volume. The general variational 
approach [5] shows that the influence of surface magnetic anisotropy on the behavior of a ferromagnet is 
manifested only under special boundary condition. The latter acts on the sample surface or the interface 
between different materials [5,16].  
Since the theoretical calculation of the surface anisotropy constant Ks is rather complicated [13-
15], it is desirable to have reliable methods to determine this phenomenological constant experimentally. 
One of such methods can be the ferromagnetic resonance (FMR) [17,18], in which the film magnetization 
undergoes a rapid precession near a certain equilibrium position of the unit magnetization vector. The 
broadband FMR [19-23] can provide valuable information on the presence or absence of the energy 
interactions on the surface of a ferromagnetic film, or on the interfaces of ferromagnetic multilayers. The 
influence of surface anisotropy on the ferromagnetic resonance in a thin ferromagnetic film was 
previously considered in seminal papers by Rado and Weertman [24,25]. Unfortunately, no explicit 
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formulas for the FMR frequency were actually obtained. Whereas in the present paper, the FMR 
frequencies have been derived for ferromagnetic film with surface anisotropy for the cases when the 
external magnetic field is applied perpendicularly or parallel to the film surface. Besides, various 
combinations of boundary conditions on the film surfaces have been studied. These results seem helpful 
for correct interpretation of the experimental data obtained by means of the broadband FMR in thin film 
structures.  
 
II. Out-of-plane external magnetic field 
 Consider a thin ferromagnetic film of thickness L parallel to the XY plane and located in the 
domain 0 < z < L. The unit magnetization vector of the film ( )tr ,rrα  satisfies the Landau-Lifshitz-Gilbert 
(LLG) equation 
[ ] ⎥⎦⎤⎢⎣⎡ ∂∂×+×−=∂∂ tHt ef αακαγα
rrrrr ,      (1) 
where γ is the gyromagnetic ratio, κ being the phenomenological damping constant. The total effective 
magnetic field of the film efH
r
 takes into account the contributions due to the exchange and dipolar 
interactions as well as from the magnetic anisotropy energy. 
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Here C = 2A is the exchange constant, Ms is the saturation magnetization,  is the vector of the 
homogeneous applied magnetic field, 
0H
r
H ′r  is the vector of the demagnetizing field which is created by the 
volume and surface magnetic charges distributed in the volume and on the surface of the film, 
respectively. Finally, ( )αrw  is the energy density of the magnetic anisotropy in the film volume. 
 The presence of surface magnetic anisotropy can be described [5-8] by introducing a surface 
interaction with the energy density per unit area  
 
     ( )2nKw ssa rrα= .      (3) 
Here Ks is the phenomenological surface anisotropy constant, and nr  is the unit vector of the external 
normal to the film surface. In the presence of the surface magnetic anisotropy, Eq. (3), the boundary 
condition for the unit magnetization vector is given by [5] 
 
    ( ) ( )( ααα )α rrrrrrr nnnK
n
C s −=∂
∂ 2 .     (4) 
It works on the upper and lower surfaces of the ferromagnetic film. In the absence of surface anisotropy 
on one or both surfaces of the film, Ks = 0, the usual boundary condition, 0=∂∂ nαr , acts on the 
corresponding surface.  
 Suppose that the ferromagnetic film is placed in a sufficiently strong external magnetic field 
perpendicular to the film surface, ( )00 ,0,0 HH =r . In what follows we neglect for simplicity the effect of a 
small volume magnetic anisotropy of the film, setting ( ) 0=αrw . In equilibrium, in the absence of 
magnetization perturbations, the unit magnetization vector is perpendicular to the film surface, 
. Indeed, in the case considered the vector of effective magnetic field has only z component, ( ) ( 1,0,00 =αr )
)( sef MHHHH π4,0,0 0)0(0)0( −=′+= rrr . Therefore, the equilibrium condition for the unperturbed unit 
magnetization vector  
     . ( ) ( )[ ] 000 =× efHrrα .     (5) 
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as well as the boundary condition (4) are satisfied. 
 Let us now consider small deviations of the unit magnetization vector from the equilibrium 
position. The first-order correction of the perturbation theory [5] to the unit magnetization vector is given 
by ( ) ( ) ( )( )0,, 111 yx ααα =r . The components of the first-order correction satisfy the equation of motion 
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Since the magnetization in the film plane is homogeneous, it is reasonable to assume that the perturbation 
of the magnetization depends only on the z coordinate. Then the first order correction to the effective 
magnetic field vector is given only by the exchange interaction, so that 
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Taking into account Eqs. (6), (7) and neglecting the attenuation, κ → 0, one obtains the following 
equations of motion for the components of the unit magnetization vector 
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where we denote ωH = γH0 and ωm = 4πγMs. The boundary conditions to Eq. (8) follow from Eq. (4)  
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Here it is assumed that the surface anisotropy constants at the upper, K1s, and lower, K2s, film surfaces can 
be different.  
 If one of the surface anisotropy constants is zero, for example, K2s = 0, the solution of Eq. (8), (9) 
has the form of the unit magnetization vector precession 
 
  ;  ( ) ( ) ( ) ( tkzAtzx ωα coscos,1 = ( )( ) ( ) ( )tkzBtzy ωα sincos,1 = .    (10) 
From the equations of motion (8) one obtains for the precession frequency 
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whereas the boundary conditions (9) lead to the dispersion equation 
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In the limit kL << 1 for the lowest quasi-homogeneous precession mode one obtains from Eq. (12) 
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For inhomogeneous FMR modes in the limit 11 <<CLK s  one has  
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 However, if the surface anisotropy is present on both surfaces of the ferromagnetic film, the 
dispersion relation (12) takes the form 
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As a result, in the limit kL << 1 the resonance frequency of the quasi-homogeneous mode equals  
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 Eqs. (11-15) for FMR frequencies are valid in a sufficiently strong perpendicular magnetic field, 
under the condition that the unperturbed film magnetization is perpendicular to the film surface. They can 
be used to determine experimentally the values of the film surface anisotropy constants. 
 
III. In-plane external magnetic field 
Suppose now that a sufficiently strong external magnetic field is applied parallel to the film 
surface, for definiteness, along the Y axis, so that ( )0,,0 00 HH =r . Then in equilibrium, in the absence of 
magnetization perturbation, the unit magnetization vector is parallel to the external magnetic field, 
. Indeed, in the case under consideration the demagnetizing field is absent, , and the 
effective magnetic field vector is given by 
( ) ( 0,1,00 =αr ) 0)0( =′Hr
( )0,,0 0)0(0)0( HHHH ef =′+= rrr . Therefore, both the equilibrium 
equation (5) and the boundary condition (4) are satisfied.  
Next, the first-order correction of the unit magnetization vector has the form ( ) ( ) ( )( )111 ,0, zx ααα =r . 
The first order correction to the effective magnetic field vector contains the contributions of exchange and 
magneto- dipole interactions associated with the deviation of the unit magnetization vector perpendicular 
to the film surface 
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As a result, neglecting attenuation, the equation of motion (6) takes the form 
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The boundary conditions for the components of the unit magnetization vector are given by 
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In the absence of the surface magnetic anisotropy, K1s = K2s = 0, the solution of Eqs. (17), (18) is 
similar to Eq. (10). For the FMR frequency one obtains the Kittel’s relation [18] 
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For the homogeneous precession mode, n = 0, it reduces to well known result [17,18] ( )mHH ωωωω += . 
If the surface magnetic anisotropy is present only on the upper surface of the ferromagnetic film, 
K1s < 0, K2s = 0, the solution of Eqs. (17), (18) is of the form 
 
   ( ) ( ) ( ) ( )( ) ( )tzkAzkAtzx ωα coscoshcosh, 22111 += ;  
   ( ) ( ) ( ) ( )( ) ( )tzkBzkBtzz ωα sincoshcosh, 22111 += .     (19) 
Here the wave vectors k1,2 and the coefficients BB1,2 are determined by the equations 
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In the given case, K2s = 0, the boundary conditions (18b) for the solutions (19) are automatically satisfied, 
whereas the boundary conditions (18a) lead to the dispersion equation for the FMR frequency ω 
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In the limit k1L, k2L << 1, using the series expansion coth(x) = 1/x + x/3 + … for the lowest precession 
mode one obtains from Eq. (20) the relation 
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Eq. (21) is valid for sufficiently small film thicknesses L, when dimensionless parameter 11 <CLK s . 
With increasing film thickness, the value of the FMR frequency ω should be found numerically from Eq. 
(20). 
Eq. (21) for the lowest FMR frequency is used in the literature [19-21,23] by analogy with Kittel's 
formulas [17], but without any justification. In fact, Eq. (21) is valid only in the limit k1L, k2L << 1, and 
for the case when the surface anisotropy is present only on one of the film surfaces.  
 If the surface anisotropy is present both on the upper and lower surfaces of the ferromagnetic film, 
K1s, K2s < 0, the solution of Eqs. (17) has a more general form 
 
 ( ) ( ) ( ) ( ) ( ) ( )( ) tzkAzkAzkAzkAtzx ωα cossinhcoshsinhcosh, 242312111 +++= ( ) ;  
 ( ) ( ) ( ) ( ) ( ) ( )( ) ( )tzkBzkBzkBzkBtzz ωα sinsinhcoshsinhcosh, 242312111 +++= ,   (22) 
where the coefficients BBi are expressed in terms of Ai as follows 
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Using the solutions (22), it is possible to satisfy the general boundary conditions (18). Then, from the 
corresponding dispersion equation in the limit k1L, k2L << 1 one can obtain an approximate expression for 
the FMR frequency 
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As an example, Fig. 1 shows the FMR frequencies, f = ω/2π, in the thin-film structure [2-4] 
Ta/CoFeB/MgO in the case when the external magnetic field H0 is applied parallel to the film plane, and 
under the assumption that the surface anisotropy constant is nonzero only at the CoFeB/MgO interface. 
The solid curves in Fig. 1 are drawn according to Eq. (21). 
 For sufficiently small CoFeB film thicknesses this equation approximates the numerical solution of 
Eq. (20) with reasonable accuracy. The values of the saturation magnetization Ms = 1250 emu/cm3, and 
the exchange constant A = C/2 = 1.5×10-6 erg/cm, used in the calculation were determined experimentally 
[22] for ferromagnetic film of the composition Co40Fe40BB20.  
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Fig. 1. a) The frequency of ferromagnetic resonance in a ferromagnetic film Co40Fe40BB20 as a function of 
in-plane magnetic field for different film thicknesses: 1) L = 1.0 nm; 2) L = 0.8 nm; 3) L = 0.7 nm; 4) L = 
0.6 nm. b) The same for different values of the surface anisotropy constant at fixed thickness L = 1.0 nm: 
1) K1s = - 1.0 erg/cm , 2) K2 1s = - 1.25 erg/cm , 3) K2 1s = - 1.5 erg/cm . 2
 
It was experimentally shown [3] that for thin-film structure Ta/CoFeB/MgO the out-of-plane 
magnetization exists in the film thickness range 0.6 - 1.2 nm. It can be shown also [26] that the 
magnetization vector becomes parallel to the film plane above the saturation field Hs = 2|K1s|/MsL - 4πMs. 
This value closely coincides with the magnetic field at which the FMR frequencies, Eq. (21), become 
nonzero. 
As Fig. 1 shows, in the presence of surface anisotropy the FMR frequencies essentially depend 
both on the ferromagnetic film thickness and on the value of the surface anisotropy constant. Note that 
Eqs. (21), (23) are valid also at film thicknesses greater than the critical value, when in the absence of 
applied magnetic field there is a canted or inhomogeneous micromagnetic state in the film [11,16]. The 
 6
only condition is that there is a sufficiently strong in-plane magnetic field in which the unperturbed film 
magnetization is parallel to the film surface. 
 
IV. Conclusion 
It this paper, it is shown that the peculiarities of the FMR spectra observed in the ultra-thin 
CoFeB/MgO bilayers [2-4] and similar ferromagnetic structures may be related with the presence of the 
surface magnetic anisotropy of appreciable value at various surfaces of the film. A proper theoretical 
method to describe the influence of the surface magnetic anisotropy on the film behavior is the use of the 
natural boundary condition that can be obtained on the basis of the general variational approach [5]. Using 
this technique, the FMR frequencies are obtained in this paper for a thin ferromagnetic film with surface 
anisotropy for the cases when the external magnetic field is applied perpendicularly or parallel to the film 
plane, and for various combinations of boundary conditions on the film surface. These results can be used 
for determination of the surface anisotropy constant of the film by means of the broadband FMR 
experiment. 
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